Abstract. Quite a few independent investigations have been devoted recently to the analysis and construction of structured function systems such as e.g. wavelet frames with compact support, Gabor frames, refinable functions in the context of subdivision and so on. However, difficult open questions about the existence, properties and general efficient construction methods of such structured function systems have been left without satisfactory answers. The goal of the workshop was to bring together experts in approximation theory, real algebraic geometry, complex analysis, frame theory and optimization to address key open questions on the subject in a highly interdisciplinary, unique of its kind, exchange.
Introduction by the Organisers
We outline below some of the main themes and open problems which have guided the participants during the workshop.
1.
Several fundamental results by two groups of authors I. Daubechies, B. Han, A. Ron, Z. Shen [5] and respectively C. Chui, W. He, J. Stöckler [2, 3] laid the foundations of the theory of tight wavelet frames and address practical aspects of their construction. The resulting characterizations of compactly supported tight wavelet frames establish a novel connection between frame constructions and a challenging algebraic problem of existence of sums of squares representations of non-negative Laurent polynomials [8, 10] . In other words, the existence of the certificate of non-negativity, i.e. the existence of a sum of squares representation for a given real Laurent polynomial which is non-negative on the d-dimensional torus, became a necessary condition for the existence of such tight wavelet frames. In the multivariate case, the difficult questions about their existence and general efficient construction methods have been left unanswered. Another very promising approach of dealing with non-negative polynomials was derived from techniques of semi-definite programming [1, 13] . One of the aims of the workshop was to reveal these interdisciplinary links to several groups of experts from different fields of mathematics and to set up a new framework of addressing open problems in wavelet frame theory. This was done in a truly open and interactive fashion. Our anticipation of the success of cross-disciplinary cooperation strengthened after three of the organizers (Charina, Putinar, Stöckler) joined by Claus Scheiderer from the University of Konstanz spent three productive weeks in October 2011 in Oberwolfach, as a part of the Research in Pairs program. The partial outcome is a paper accepted for publication in the Journal of "Constructive Approximation" which, e.g., gives an affirmative answer to the long standing open question about the existence of bivariate tight wavelet frames satisfying the Unitary Extension Principle.
2.
Another open problem is to obtain the estimates for the number of frame generators in the multivariate case. This problem of finding an upper bound for the number of frame generators is closely related to getting an estimate of the Pythagoras number of the ring of rational functions on a real algebraic subvariety of the torus, [12] .
3. Problems of multivariate Gabor frames lead to sampling and interpolation questions for entire functions of several complex variables. The construction of the multivariate interpolating functions requires much more precise growth estimates of generalized Weierstrass products than currently known [6] . Moreover, completely new types of sampling and interpolation problems arise [7] .
4. Refinable functions arising in the context of subdivision are the starting point of the multiresolution based wavelet frame constructions. Most properties of such functions are encoded in the coefficients (so-called mask) of the corresponding refinable equations, or, equivalently, in the coefficients of the corresponding Laurent polynomials, or polynomials after an appropriate mask shift. Important approximation properties of refinable functions can be characterized in terms of the structure of the associated polynomial ideals [15] . In the univariate case, the structure of these polynomial ideals also determines the smoothness of the corresponding refinable function [4] , i.e. the derived wavelet frame. In the multivariate setting, no such general results are available.
5.
From the point of view of duality of locally convex spaces, the above questions can be interpreted as generalized moment problems pertaining to (usually) positive measures supported by basic semi-algebraic sets of the Euclidean space. This apparently innocent change of perspective brings into the focus a novel and powerful combination of operator theoretic methods and effective positivity criteria circulating in real algebra. The recent generalization of the moment technique beyond the classical setting of polynomial bases, see [9, 11, 16] , is very encouraging for the specific aims of the workshop. Well studied integral transforms of measures, such as the Fourier-Laplace or Fantappiè transforms [14] naturally appear in this context. The study of these transforms involve refined techniques of bounded interpolation and approximation in spaces of analytic functions of several variables. Particular attention was also paid to the entropy method in solving truncated moment problems arising in continuum mechanics, control theory and ergodic theory of dynamical systems.
6. Optimization and semi-definite programming methods, as developed during the last decade [11] , also offer unexpected methods for tackling several of the above mentioned problems. The difficulties in solving these arise either at the early modeling stage, e.g. when the problem is formulated as a generalized moment problem or as a reconstruction or synthesis problem, and/or at the final stage when the problem is formulated as a global optimization problem. In addition, the techniques involved in the construction of structured function systems will be general enough to have important applications to e.g., image processing, stability of differential equations with a delay in the argument and mathematical finance with Lévy driven processes. An important feature in all topics is the necessity of working with systems of non-polynomial functions.
The workshop offered longer expository talks on recent advances in real algebraic geometry, complex analysis, frame theory, moment problems and optimization. There were also shorter specialized talks. It was highly rewarding to be present at the beginning of new cooperations, to experience genuine interest of the participants from different fields in the research of others and their willingness to find a common language. All these together will undoubtedly contribute to further mathematical progress.
The reports below offer a more precise picture of the variety of questions addressed during the workshop. The open problems listed at the end of the report also illustrate the viability and long term impact of this emerging new field of interdisciplinary research. 
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